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ABSTRACT

We extend the method of algebraic patching due to Haran-Jarden-Vélklein
from complete absolute valued fields to complete domains. We apply the
extended method to reprove a result of Lefcourt obtained by formal patch-
ing — every finite group is regularly realizable over the quotient field of a

complete domain.

Introduction

Consider a field K and let E = K (x) be the field of rational functions over K.
If K is the quotient field of an integral domain D complete at a maximal ideal
and K # D, then every finite group occurs as a Galois group over E. This was
first proved by Harbater in [Ha]. Harbater’s proof is phrased in the language of
formal geometry. Serre [Se, Theorem 8.4.6] and Liu [Li] translated that proof to
the language of rigid analytic geometry in the case where K is complete under
a nonarchimedean absolute value. That case was treated again by Haran and
Volklein [HV] who gave a simple self-contained algebraic proof using “algebraic
patching”.
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Building on Serre-Liu, Pop proved that if K is an ample field (in particular,
if K is a complete valued field), then every constant finite split embedding
problem over K is regularly solvable (in particular, every finite group can be
realized over K(z)). Extending the method of algebraic patching, Haran and
Jarden [HJ] gave a self contained algebraic proof of Pop’s theorem.

Lefcourt generalized the result of [Ha] in another direction. Starting from
an integral domain D complete at a prime ideal p, she used formal algebraic
geometry to prove that every finite group occurs as a Galois group over K (z).
Note that if K is ample, then this result follows from [Po] or [HJ]. However, it
is unknown whether all of the fields Quot(D) with D as above are ample, and
one suspects that they are not.

The goal of this work is to generalize “algebraic patching” from complete
fields to complete domains. As an application, we present a simple algebraic
proof of Lefcourt’s result. Another application will be given elsewhere.

The basic idea is as follows. Suppose we wish to realize a finite group G as
a Galois group over a field F assuming we already know how to realize gen-
erating subgroups Gi,...,Gi of G (e.g. cyclic groups) by Galois extensions
Fi,..., Fx. In the case where K is complete under a nontrivial absolute value,
Haran—Jarden—Volklein choose field extensions @1, ..., Qg of FY,. .., F} satisfy-
ing “patching conditions”, induce them to algebras N,..., N; and prove that
F = ﬂle N; is a Galois extension of E with Gal(F'/E) = G. Each of the fields
Q; is the quotient field of a ring of convergent power series in several variables.
In our more general case, @1, ..., Q are the localizations of rings of convergent
power series in several variables over D. The proof that the rings Q1,...,Qx
satisfy appropriate “patching conditions” becomes more difficult and uses sev-
eral more tricks on top of those that were used in the former case. This leads

to our main result.

MAIN THEOREM: Let D be a complete domain with respect to a non-trivial ab-
solute value. Then every finite group occurs as a Galois group over Quot(D]z]).

Technical reasons force us to assume extra conditions on D. Fortunately,
simple Galois theoretical arguments reduce the proof of the main theorem to
three special cases. In two of them, the quotient fields of the rings are complete,
hence the theorem follows from [HV]. In the third case, D is the ring Z[[z]] of
formal power series over the integers. This ring does not satisfy the extra
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conditions, however Z[[z]][z '] does, and has the same quotient field as Z[[x]].
This concludes the proof of the main theorem.

Finally, note that Lefcourt’s result can also be reduced to the case of
Quot(Z[[z]]). Thus, our main theorem is equivalent to that of Lefcourt.

ACKNOWLEDGMENT. I would like to thank Prof. Dan Haran for his guidance
and teaching while working on this research. I also thank Prof. Moshe Jarden
for his course notes [Ja]. These notes helped me in several important points of
my work.

1. Algebraic Patching

The works [HV, §3] and [HJ, §1] develop a general setup in which given realiza-
tions of generating subgroups of a group G over a given field can be “patched
together” into a realization of G over the same field. In this section we adjust
this setup for our more general situation. The main difference is that we replace
the fields Q; in the patching data of [HV] and [HJ] by rings.

Definition 1.1: Let I be a finite set with |I| > 2. A generalized patching
data

(1) &= (EaﬂaQiaﬂ;GiaG)iEI
consists of fields £ C F; C (Q, integral domains ); C €, and finite groups
G; <G, 1 e, satisfying the following conditions:

(2a) F;/FE is a Galois extension with Galois group G, i € I.

(2b) F; C Q;, where Q; = (), Qj, i € I.

(2¢) F; N Quot(Q;) = E, i€ 1.

(2d) G = (G| i€ ).

(26) ﬂie] Q1 = E

In the rest of this section we prove that if £ satisfies an extra condition called
(COM), then G occurs over E as a Galois group.

Definition 1.2: Let @ C P be integral domains and Aut(P) the group of auto-
morphisms of P. Define Aut(P/Q) := {0 € Aut(P) : ox = x for all z € Q}.
We say that P/Q is a finite Galois domain extension, if P = Q[a] and
f =irr(a, Quot(Q)) satisfies:

(a) f € Q[X], so that P = Q[X]/(f).
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(b) f factors in P[X] into a product of distinct linear monic polynomials.

We refer to a as a primitive element for the domain extension P/@ and call
Gal(P/Q) = Aut(P/Q) the Galois group of P/Q.

This notion of a Galois domain extension generalizes the notion of a Galois
ring cover [FJ, Definition 6.1.3] — here we do not assume the domains P and
Q to be integrally closed, nor do we assume that the discriminant of a is in Q*.

The following two lemmas follow from Definition 1.2 by basic Galois theory.

LEMMA 1.3: If P/Q is a finite Galois domain extension, then Quot(P)/ Quot(Q)
is a finite Galois field extension, Gal(P/Q) = Gal(Quot(P)/Quot(Q)), the
domain P is a free Q-module of rank |Gal(P/Q)|, and PS(P/@) = .

LEMMA 1.4: Let F/E be a finite Galois extension of fields and let @ C P be
integral domains such that E C @, F C P, FF N Quot(Q) = E in Quot(P),
and QF = P. Then P/Q is a finite Galois domain extension, and Gal(P/Q) =
Gal(F/E).

We fix a generalized patching data & = (F, F;, Q;,Q; G;, G);e; for this section
and extend it by more rings and algebras. For each i € I let P, = Q;F;
be the compositum of F; and Q; in Q. By condition (2¢) P;/Q; is a Galois
domain extension, the Galois group of P;/Q); is isomorphic (via the restriction
of automorphisms) to G; = Gal(F;/E), P, is a free Q;-module of rank |G;|, and
PiGal(P"/Qi) = Q;. Identify Gal(P;/Q;) with G; via this isomorphism. Consider
the algebra

N =IndfQ = { > agh:ag EQ}
0eG

of dimension |G| over Q. Addition and multiplication are defined in N compone-
ntwise; thus, 1 = > .0, Q is embedded diagonally in N, and G acts on N

by
(Z agﬂ)g = Z ago 10 = Z aspl, o €G.

0eG 0eG 0eG
The action of G commutes with the addition and the multiplication in V.
For each ¢ € I consider the following ();-subalgebra of N:
3)

NiIndgiPi{ZagﬁéN:aQEPi, ap = ag, for all § € G, TEGZ'}.
0eG
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If A is a system of representatives of G/G;, then
(3)
Nl:IndgiPi:{ZageeN:agePi, aj = ag, for all 6 € A, TEGi}.
0ecG

Throughout this paper, whenever we consider a patching data as in (1), we
automatically associate with it the rings N, N;,¢ € I, defined as above.
The next lemma gives the basic properties of the algebra ;.

LEMMA 1.5: Leti € 1.

a 1- is G invariant.

(

(b
(c
(d

) N
) N
) N; is 1som0rph1c over ); to the direct product of (G : G;) copies of P;.
) N, is a free Q;-module of rank |G|(= dimgq N).
Proof. (a) Let a = 2960 ag € N; and 0 € G. Then a} = ag, for each
T€Gi,0 € G,80 aly = aggr, 50 a7 =) 5 0590 € N;.

(b) The group G fixes a = » 5. apf € N; if and only if a9 = ag for all
0,0 € G, that is, ag = a; for all 8 € G. Thus

G:{ZaﬂzaGPZ—, a” =a for all T € G;}
0eG

—{a€P:a" =aforallTeG} =P =Q.

(c) Let A be a system of representatives of G/G;. It follows from (3") that
Y oeq @t = D c A Guw is a Qi-isomorphism N; — PilA‘.
(d) Since [P; : @Q;] = |G, the assertion follows from (c). |

It follows from the preceding lemma that F' = (),.; N; is an E-algebra which

iel
is G-invariant. We call F' the pre-compound of the generalized patching data
€. We note that this was called “co-compound” in [HJ], however the name
“pre-compound” is more appropriate.

Let S = (8]0 € G) be the standard basis of N over {Q.

Remark 1.6: A basis of N; over QQ;
Let t € I, Il = |Gt|. Suppose [ is a primitive element for P;/Q;, and let
A = {w1,...,wn} be a system of representatives of G/G¢. Let 11,...,7 be a
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listing of the elements of G;. Then the following sequence of |G| elements of Ny

l
(4) Cr = (Z(ﬂj_l)”(wkn)ﬂ <k<m, 1<j< 1)

i=1

(say, with the lexicographical order) is a basis of N over Q.

Indeed, let B € M, () be the transition matrix from S to C;, that is, the
matrix defined by C; = SB. Of course, B depends on the order of the se-
quence S, but only up to the order of its columns, which will not be important
in the sequel. For instance, write S as (L{wim)| 1 < k < m, 1 < i <),
with the lexicographical order. Then B consists of m identical diagonal blocks
By = ((8771)7) € M(Q). These are Vandermonde matrices, hence det By =
+ ]l eq (87— B7'] # 0. Therefore det B # 0, so B € GLy,(2). Consequently,

TH#T
C; is a basis of N over ).
Now we show that C; is also a linear basis of N; over ;. Indeed,

let D gcq @l = > 1<k<m Guw,rwrT; be an arbitrary element of N;. Since
1<i<l
1,8,..., 0" is a basis for P, over Q, there exist elements Gr,j € Q, 1 <k <m,

1 < j <, such that for each 1 < k < m: a,, = Zl<j<l qr ;. Thus
Qupr; = AT, = Y 1<j qr;(B771)7 for each 1 <k <m,1 <i <1, so

Z Aoy WETi = Z (Z Qk,j(ﬁjl)ﬂ)wkﬁ

1<k<m 1<k<m N 1<j<]
i<i<l i<i<li ==
| —1\T;
= > q’w’( > W )lwzm>-
1<k<m 1<4<1
1<5<i -

Corollary 1.7: Let t € I, 8 a primitive element of F;/E and R be a subring of
Q) that contains all of the conjugates 37 of 3 over E and (discrg 3)~!. Then
there exists a basis C; of N; over (); that is also a basis for N over €2, and such
that the transition matrix from S to C; is in GL,(R).

Proof. Since [ is a primitive element for F;/E, it is also a primitive element for
P./Q:. Now, simply note that all of the entries of the matrix B in the preceding
remark lie in R, and det B is a power of 4+ discrg 3, so it belongs to R*. Hence
B € GL,(R). |

PROPOSITION 1.8: Assume that:
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(Com) There is a linear basis of N over € that is also a basis for N; over Q);
for eachi € I.

Then:

(a) F=(\N; is a field and F/E is a Galois extension with Galois group G.
(b) There is a linear basis of F over E that is also a basis of N; over @); for
eachi € I.

Proof. By Lemma 1.5, N; is an algebra over ;. We may view @); as an algebra

over E, and so N; is an F-algebra. Equation (3) gives an explicit presentation

of F as

()

F=4> agfechndiQ:as€ (P apr =aj forallf € G and 7 € UGi}.
e i€l iel

PROOF OF (b): Let C = (a1, ...,a;,) be the basis mentioned in (COM). Then

C is a basis of F' as an algebra over E. Indeed, every b € N can be uniquely

written as b = a1 +- - - +ana, with ay, ..., a, € 0. Then b € N; if and only if

a1, ..., an € Qi Since ;c; Qi = E, wehave b € Fif and only if ay, ..., a, € E.

PROOF OF (a): Observe that F is an integral domain. Indeed, suppose
Y oec @l Dgeqbel € F and Y, o agbgt = 0. In particular, a1by = 0,

so either a; = 0 or by = 0. Without loss of generality, we may assume
that a; = 0 (and prove that ap = 0, for all § € G). Let § € G. Since
G = (Gili € I), we have § = 7i72...7, where 71,...,71 € U;c;Gi. Now
a9 = Qryry.my =07 =...=a;" " =07"" =0, as contended.

Since F' is a commutative finitely generated algebra over the field E and has
no zero divisors, F' itself is a field. By Lemma 1.5(a), the N; are G-invariant,
hence so is F. By Lemma 1.5(b), F¢ = ,.; N& = ,c;Q: = E. By (b),
[F': E] = |G, hence G acts faithfully on F. By Galois theory F/E is a Galois
extension with group G. |

Definition 1.9: Consider the Q-algebras homomorphism ¢: N —  given by
> ap — ai. Then ¢|p is a monomorphism. Since F is invariant under ¢,
¢(F) is a Galois extension of E with group isomorphic to G. We call ¢(F) the
compound of the patching data.



192 ELAD PARAN Isr. J. Math.

2. Normed rings and power series

The works [HV, §1] and [HJ, §3] study rings of convergent power series in disks
of radius 1 over complete rank-1 valued fields. In an unpublished manuscript,
Haran follows [FrP] and generalizes these rings by allowing an arbitrary radius.
A common feature of these “analytic” rings is that they are principal ideal
domains. In this section and in the next one, we generalize Haran’s analytic
rings by taking rings of convergent power series with coeflicients in a complete
domain D, which need not be a field.

Definition 2.1: Normed ring. Let R be an associative ring with 1. A norm

on R is a function |- |: R — R that satisfies the following conditions for all
a,b € R:

(a) |a| >0, and |a| = 0 if and only if a = 0; further |1| = | — 1] = 1.

(b) |a + b < max(lal, [b]).

(¢) labl <lal - [b]-

If there exists a € D with 0 < |a| < 1, we say that | - | is nontrivial.
If in addition to (a) and (b), | - | satisfies also:

(') labl = |al - [b];
we say that | - | is an absolute value on R.

Every real-valued valuation v of R naturally corresponds to an absolute value
given by |z| = (1/2)*®).

Remark 2.2: Let R be a normed ring and let a,b € R. Then:

(a) [ —al = al.

(b) If |a| < |b], then |a + b = |b].

(c) A series Y. a, of elements of R is Cauchy if and only if a,, — 0.

(d) If Ris complete and |a| < 1, then 1—a € R* and its inverse is of the form
1+bwith |b] <1 (so |(1—a)~!| =1). Indeed, a+a?+- - - converges, say,
tob € R, with |b| = |a| < 1. Since (1—a)(1+a+---+a") = 1—a"T! — 1,
we have (1 —a)(1+b) = 1. Similarly (14 b)(1 —a) = 1.

(e) An absolute value |-| on R can be extended to Quot(R) by |a/b| = |a|/|b|.

Now we discuss complete rings that are of significance to this work.

Example 2.3:
(a) The ring Z, of p-adic integers is complete with respect to the p-adic val-
uation (and so also with respect to the corresponding absolute value).
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Its quotient field Q,, is also complete with respect to the induced abso-
lute value.

Similarly, if F' is a field, then the ring F[[z]] of formal power series over
F, as well as its quotient field F'((x)), are complete with respect to the
z-adic valuation.

The ring Z[[z]] of formal power series over the integers is complete with
respect to the z-adic valuation (and the corresponding absolute value).
However, its quotient field is not complete with respect to the induced
absolute value. To prove this, consider the ring B = {1>°7° a? !
b; € Z,0 # a,c € Z,m € Z}. This is a subring of the field Q((z))
and Z[[z]] € B. Moreover, f~! € B for every 0 # f € Z[[z]], hence
Quot(Z[[z]]) C B. Indeed, let f =0 ana™ € Z[[z]],a; € Z,am # 0.
Since x~™ € B, we may replace f by 7™ f to assume that m = 0. Let
a=ag. Then f =a(l +a1% +---). The expression in the parentheses
is an invertible element of Z[[2]] C B, hence f~! € B. Now, let f =
S, 2/2° € Q[[z]]. Then, the sequence of partial sums of f is a
Cauchy sequence in Quot(Z[[z]]), whose limit f is not in B, and hence
is not in Quot(Z[[z]]). Indeed, let 0 # a, ¢ € Z, then for a large enough
i € N we have a‘c # 0( mod 2¢°). Hence, f #1352, Lot for {b;} C Z,
and so f ¢ B. Thus, Quot(Z[[z]]) is not complete.
The ring D = Z[[z]][x~!]. This subring of Quot(Z[[z]]) is complete with
respect to the z-adic valuation v,. Indeed, let f; be a Cauchy series in
D. We show that there is an integer k such that z* f; € Z[[z]] for i > 0.
Indeed, there exists n € N such that v, (f; — fn) > 0 for all i > n. There
exists k € N such that v, (f;) > —k for all 1 < i < n. For ¢ > n we
have v, (f;) = vo(fi — fu + fn) > min(0, —k) for all i« > n. Therefore,
zk f; € Z[[z]] for all i > 0.

Thus, z¥ f; converges to a limit g € Z[[x]], and f; converges to 2~ %g € D.

Let R be a complete normed ring and z a free variable over R. Define

(6)

R{z} = {Zanz” tap €R, lim an()}.

n=0

This set is a ring under addition and multiplication of power series, in which

z is in the center; It contains R.
Extend |- | from R to a function |- |: R{z} — R by |, anz"| = max,(|an]).
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LEMMA 2.4:

(i) The function | - |: R{z} — R is a norm on R{z} extending the norm
of R.
(ii) The ring R{z} is complete with respect to the norm | - |.
(iii) Let S be a complete normed ring containing R. Fach ¢ € S with |c| < 1
that commutes with the elements of R defines an evaluation homo-
morphism R{z} — S given by f =" anz"™ — f(c) =3, anc".

Proof. (i) and (iii) are clear.

(ii) Consider a Cauchy sequence (fy,) in R{z}. This yields a Cauchy sequence
in each coefficient, hence (f,) converges coefficientwise to some formal sum
f=>,a;z". Moreover, f € R{z} and |f — fo| — 0. N

Definition 2.5: For g = Y ° ja,z" # 0 in R{z} define the pseudodegree
of g to be the integer d = max(n: |a,| = |g|). Call a4 the pseudoleading

coefficient of g. Call g regular, if a4 is invertible in R and |caq| = |c| - |aq] for
all c € R.
Definition 2.5 generalizes [HV, Definition 1.4], where | - | is an absolute

value. However, with this modified definition, the Weierstrass Division Theorem
[HV, Theorem 1.6], its corollary, and their proofs go through verbally.

ProPOSITION 2.6 (HV, Theorem 1.6, Corollary 1.7):

(a) Let f € R{z} and let g € R{z} be regular of pseudodegree d. Then
there are unique ¢ € R{z} and r € R|[z] such that f = qg+r. Moreover,
lal 19l < 1] and |r] < |-

(b) Let f € R{z} be regular of pseudodegree d. Then f = qg, where q is
a unit of R{z} and g € R[z] is a monic polynomial of degree d with

lg| = 1.

3. Convergent power series

Let D be a complete domain with respect to a nontrivial norm | - |, and let
K = Quot(D). Let x be a free variable over K. In this section, we study
elements of K ((x)) which are separably algebraic over K (z).

Consider the set K[z7'] + zD{z} = {32 a,2" € K((x)) : a, € K if
n <0 and a, € D ifn > 0,m € Z, |a,| "—> 0} as a D-submodule of K ((z)).



Vol. 166, 2008 ALGEBRAIC PATCHING OVER COMPLETE DOMAINS 195

Definition 3.1: An element f(z) € K((z)) is D-convergent if there exists an
element 0 # 3 € K such that f(3z) € K[z~!] + 2D{z}.

Remark 3.2: Suppose f(x) € K((z)) is D-convergent. Then there exists an
element 0 # (3, € D, |p1] < 1 such that f(B1z) € K[z71] + xD{z}.
Indeed, let 0 # 8 € K with f(Bz) = Y oo ana™ € K[z™'] 4+ zD{z} and
n—oo B1

|ay, ] —— 0. Write 3 as 3, with 0 # (1,02 € D. By multiplying the

numerator and denominator with a sufficiently small element of D, we may
assume that |B1],|B2] < 1. Thus, f(fiz) = f(BBz) = Y .o, apfyz™. For

n—oo

n > 0 we have |a, 07| < |anl, so |a,B%] —— 0. Since a0y € D for n > 1,
we have f(f1z) € K[z~ + 2D{x}.

LEMMA 3.3: An element f(z) =" a,2™ € K((z)) is D-convergent if and

only if there exist 0 # v € D and c € R such that:
(i) y"an € D for each n > 1; and
(ii) |an| < ™ for eachm > 1.

Proof. First, suppose f(z) = >.°° a,z™ € K((z)) is D-convergent. Then

n=m

there is an element 0 # v € D such that f(yz) = > -

n=m

apz™, where a,, € D
for each n > 1, |ay| 272, 0. Thus v"an = a,, € D for each n > 1, and there
exists 1 < s € R such that for each n > 1, |ay,| < s. Hence for each n > 1,
lan| < s-]1/4™ < ", if ¢ is sufficiently large.

Conversely, suppose that conditions (i), (ii) hold, for 0 # v € D and ¢ € R.
For each n > 1, |apy™| < |y|™¢™ < t™ for some 1 < t € R. Now consider an
element 0 # 3 € D such that |3] < t~2 (there must be such an element, since the
norm of D is nontrivial). Then for all n > 1, we have |a,y"4"| < t™" 225 0
and a,y"3" € D for each n > 1. Thus f(Bvyz) € K[z +2D{z}, and so f(x)

is D-convergent. |

LEMMA 3.4: Let f(z) € K((z)), and let 8 € K*. Then f(z) is D-convergent
if and only if f(Bz) is D-convergent.

Proof. First, suppose f(x) is D-convergent. Then there exists 0 # v € D such
that f(yx) = > nr, ana™, where m € Z, a,, € D for each n > 1, |a,| —— 0.
Since f(vyx) = f(% -Bx), f(Bx) is also D-convergent. For the converse, suppose
f(Bx) is D-convergent. Then f(x) = f(3~!3xz) is D-convergent. ]

Denote the set of all D-convergent elements of K ((x)) by K((z))p.
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LEMMA 3.5: Suppose f1,...,fx € K((z))p,k > 1. Then there exists 3 € D,
0 < |B| < 1 such that fi(Bz),..., fr(Bx) € K[z~ + 2D{x}.

Proof. By Remark 3.2 there exist 0 # (1,...,0: € D,|B1],...,|0k| < 1 such
that for each 1 <i <k, f(Biz) € K[z~'] + zD{z}. Take 8 =[], 8 # 0. For
1 <i<kweget f(Bz) € Kla—] + 2D{z}, because f(Bz) = f(3/8; - fiz) and
18/ Bi| = |Hj;£i Bil < 1. o

PROPOSITION 3.6: K((x))p is a field containing K (x).

Proof. By the preceding lemma, K((z))p is closed under addition. Let

£1(2), fo() € K((x))p. We prove that fy(x) fa(z) € K((z))p. Let fo(z) =
oo . anx™. By Lemma 3.3, there are 0 # v € D,c¢ € R such that a,y" €

D,lay| < " forn > 1.
First consider the case where fi(x) = x~!. Then

fl(l')fg(l') = Z an-{—lxn-

n 1

Let 6 = 42 € D. Then §"an+1 = v (v tany1) € D and |an41| < ! <
(c+1)"* < ((c+1)?)" for each n > 1. Hence f1(z)f2(z) € K((x))p

Similarly, if f;(z) = z, then fi(z)f2(z) € K((z))p.

Next, suppose that f1(z) = a € K, say a = a/b with a,b € D and 0 # b.
Then f1(2)fa(x) = Y200, @™ and 2 (by)" = ab™(1"a,) € D, |2 <
(|%|c)n for each n > 1. Hence f1(z)f2(z) € K((z))p.

Now let fi(z) be arbitrary. By the preceding cases K((z))p is closed un-
der multiplication by an element of K[z,r7!]. Hence we may assume that
fi(x), fa(x) € xzK][[z]]. By Lemma 3.5, there exists § € K* such that
f1(0z), f2(6x) € K[z~ + aD{z}, hence f1(dz), fo(6x) € xD{x}. But then
fr(6x) f2(b6x) € xD{x}, so fi(x)f2(x) € K((2))p-

It remains to prove that each nonzero element of K((z))p is invertible. It
suffices to show that 1/%° a;x' € K((x))p, where a; = a;/7" for a;,y € D
and |a;| < ¢ for some ¢ > 1 and for all i > 1. We have K|z,271] C K((x))p,
so by multiplying with a power of z and an element of K, we may assume that
m = 0 and ag = 1. We construct elements (g, 31,... € D such that a8y = 1,
and

(7) Z a;8;, =0 and |Bk/’yk| < cF

itj=k
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for each k > 1 (and then > f—:m" is the required inverse element). Indeed, take
Bo = 1,01 = —ay. Then (7) holds for k¥ = 1. Suppose, by induction, that we
have constructed elements (g, 51, . . ., B, such that (7) holds for each 1 < k < n.
Now, take 3,11 = — ZHJ‘*”H a;fj. Then 37, .y a;8j =0, Bpi1 € D, and
|BZE| = |27+J nti _1_| < maXﬂﬂ =nt cic) =t

Consequently K ((x))p is a ﬁeld that contains K[r,z71], hence also
K(x). |

A simple case distinction verifies the next lemma.

LEMMA 3.7: Let vq,...,vq be a sequence in R U {oc}, such that v; > 0,
v2,...,vqg < 0. Let v,(1),...,Vs) be a subsequence of vi,...,v4. Then
Vg(1) + 10+ Vgk) = V2 + -+ + vg, and equality holds if and only if k =

d—1,{oc(1),...,0(k)} = {2,3,...,d}.

LEMMA 3.8: Let (F,v) be a valued field and h(Y) = pgY? + -+ p1Y +pg €
F[Y] a polynomial of degree d with d distinct roots yi,...,yq in F. Suppose
v(y1) > 0, and v(y2),...,v(yq) < 0. Then v(pg) > v(p1) for each k # 1.

Proof. Observe that h(Y)/pa = [[{_1(Y — y;). For 1 <k < d — 1 we have:

k
Pa-r/pa= (1> T[vew:

o i=1

where o ranges over all injective maps {1,...,k} — {1,...,d}. Suppose o is
such a map. Then, by Lemma 3.7, we have U(Hf:1 Yo(i)) = V(Y2 - - - ya), and
equality holds if and only if k = d — 1, and {c(1),...,0(k)} = {2,3,...,d}.
Therefore, v(p‘;;’“) > v(y2 - - - ya) and equality holds if and only if k = d — 1.
Thus, for each k # 1, v(px) — v(pa) > v(y2 - - - ya) = v(p1) — v(pa), hence
v(pr) >v(p1). N

LEMMA 3.9: Let F be a field, and let h(Y) = pgaY¢+ -+ +p1Y +po € Flz][Y]
be a polynomial over F[z|. Suppose that for each 0 < k < d we have p;, =

ZEO:O bi na™, where by, € F are almost all zero, and bgy = 0,b1,0 = 1,ba 9 =

c=bg0=0. Let y = Y " jana"™ € F|[z]] be a root of h. Then for each
n > 1, a, Is a sum of products of the form *by, j a5, a4, - - - aj,, with 0 < k <
d, 0<j50<n, 0<ji,...,Jk <nsuch that jo+ 71+ -+ jr = n.
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Proof. We get ppy* = >, benz™) (>, apr™)k = Yo Cena™, for 0 < k < d,
where

Ckn = Z bkcf (0) Haa

G’GSk n

and
k
Sk ={0:{0,...,k} = {0,...,n}: Y o(j) =n}.
J=0

By considering the equality pgy? + -+ + p1y + po = 0 modulo (z), we get
0= bdyoag + -+ b1,0ao + b0 = ao, and comparing coefficients at 2™ we get:

(8) co,n = bo,n and c1,n = b1 gan + -+ b1 p_101

Let £ > 2. Since by = 0, all terms in ¢, that contain a, vanish, and

therefore:
(9)
k
Chon = [sum of products of the form by, (o) H ag(j) with o(j) <n,1 <j <k,
j=1

S|

From the relation ZZ:O pry® = h(y) = 0 we conclude that ZZ:O Ckn = 0,
for each n > 0. Hence, by (8) and (9),

Qnp :bl,Oan
k
= {sum of products of the form =+ by, (o) H ag(s), With 0 < o(j) <
=1

k
1<i<kY o) =n|
=0
PROPOSITION 3.10: Let y € K((x)) be separably algebraic over E = K(x).
Then y is D-convergent.

Proof. By Proposition 3.6, E C K((x))p. Thus we may assume that y ¢ E.
Let y =) 02 anz™.
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Part A: A shift of y.

Let y1,y2,...,y4 (d > 2) with y; = y be the distinct conjugates of y over
E. Let v be the natural valuation of K((z)) defined by v(} ", bpa™) =
min{i : b; # 0}, v(0) = co. Extend v to the algebraic closure of K((x)) and
let r = max{v(y —y;) : @ = 2,...,d} (# ), s = r+ 1. Define: y. :=
x5y, — Do _,apx™), for each 1 < i < d. Then yi,...,y, are the distinct
conjugates of y; over E. Moreover, v(y]) > 1, hence for 2 < i < d: v(y] —y}) =
viyr —y) —s<r—s=-1,s0v(y;) < —1.

In view of Proposition 3.6, y} is D-convergent if and only if y; is D-convergent.
So, replace y; with y; to assume that: v(y) > 1 and v(y;) < —1 for each
2 < i < d. In particular, y = Z;’io anx™ with ap = 0 and y1,...,yq are the
roots of an irreducible separable polynomial h(Y) = pgY ¢+ - -+p1Y +po € E[Y]
with d > 2.

Part B: The value of the coefficients py.

Multiplying by an element of D[z], we may assume p; € D[z]. By Lemma
3.8 we have e = v(p1) < v(p;) for each i # 1. Divide the p; by x° to assume
that v(p1) = 0 < v(p;) for each ¢ # 1. Therefore, for each k = 0,...,d:
Pr = Z;:o brnx", where by , € D,t € N,b1 o # 0, and foreach k # 1 : by o = 0.
For all 0 < k <d and n >t let by, =0 and denote 3 = by .

By Lemma 3.4 it suffices to prove that § = >~ :° , a;(8z)" is D-convergent. The
substitution x — [z defines an automorphism of K ((z)), hence the following
equality follows from h(y) = 0:

pa(Bz) 4 p1(Bz) - po(B)
— Y+t y+ =0.
p 5 5
The coefficients in this equality are all in D[z], in particular % =
% = 14+ bi12 + ---. Thus, without loss of generality, we may as-

sume § = 1.
Part C: The coefficients a,,.
By Lemma 3.9, a,, is a sum of products of the form
(1()) ibkyjoajl Qg+ * * Qs
with0 <k <d, 0<j0<n, 0<71,...,jk <nsuchthat jo+j1+ -+ jr =n.
CramM It {an}52, C D.

Indeed, ag = 0 € D. Assume that a,, € D for each 0 < m < n — 1. Then,
each summand in (10) belongs to D, hence a,, € D.
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CLAIM II: There exists 1 < ¢ € R such that |a,| < ¢”, for all n > 0.

Take an element 1 < ¢ € R such that |by,| < ¢ for each 0 < k < d and
n > 1. We prove, by induction, that |a,| < ¢" for each n > 0. For n = 0
this holds trivially. Suppose the claim holds for each 0 < m < n — 1. For each
summand in (10) we have |b j, Hle a;| < Xm0l = " thus lan| < ", as
contended.

We conclude that y is D-convergent. ]

COROLLARY 3.11: Let fi(x),..., fr(x) € K][[z]] be separably algebraic over
K(x). Then there exist ¢ € K* such that fi(cx),..., fyx(cx) € K +zD{x}.

Proof. By Proposition 3.10, fi(z),..., fr(z) € K((z))p. By Lemma 3.5, there
exists ¢ € K* such that fi(cx),..., fi(cx) € (K[z7!] + 2D{z}) N K|[[z]] =
K + xD{z}. n

4. Rings of convergent power series in several dependent variables

Let D be an integral domain, complete with respect to a norm | - |, and let I
be a finite set. For each i € I let r,¢; € D such that r,¢; —c; € D* if i # j.
Assume that:

r

(11)

‘gl for all 7 # j.
Ci —Cj

Let K = Quot(D), and let E = K (x) be the field of rational functions over
K in the free variable z. For each i € I let w; =r/(z — ¢;) € K(x).

LEMMA 4.1: (a) For alli # j in I and for each nonnegative integer m
P m 7q771—+—1 —k
12 w;wl = wk.
( ) ChadV] (Ci _ c4)m Pt (Ci _ cj)m-l-l—k J

(b) Let Dy be Z if char(K) = 0 and F, if char(K) = p. Set Dj =
ol
zero, there exist a;, € D{y such that

| i # j € I]. Given nonnegative integers m;, i € I, not all

m;

3 k
Hw;m = g g ;R W; .

el i€l k=1
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(¢) Every f € D|w; : i € I] can be uniquely written as
(13) f=ao+ Z Z inwy
i€l n=1
where ag, a;, € D and almost all of them are zero.
(d) Leti# j € I. Then w;/w; =1+ (¢; — ¢j)/rw; € D[w;] is invertible in
Dlw;, wj].

Proof.

PROOF OF (a) and (b): Starting with the identity

r T
wiw; = w; + wy
C; — Cj Cj — C;

one proves (12) by induction on m. Induction on || and max;ec; m; gives (b).

PROOF OF (c): The existence of the presentation (13) follows from (b). Note
that D{ C D because ¢; — ¢; € D*. To prove the uniqueness we assume that
f =01n (13) but aj; # 0 for some j € I and k € N. Then, Y3 | ajpw} =

n=1

—ag — Zi# >0 aipw!. The left hand side has a pole at ¢; while the right
hand side has not. This is a contradiction.

PRrOOF OF (d): Multiply r/w; — r/w; = ¢; — ¢; by w;/r to get that

C; — Cj

w;
il J w;

-1+
wj

,
is in D[w;]. Similarly, w;/w; € Dlw;]. Hence w;/w; is invertible in

D[wi,w]—]. |

Consider the subset Ry = >, ; D[w;] of the field £ = K (x). It follows from
Lemma 4.1 that Ry is the subring D[w;|i € I] of E. Define a real valued function
| - || on Ry using the unique presentation (13)

an + Z Z ainw?

i€l n>1

= max{lao|, |ain|}.
in

It follows by Lemma 4.1(a) that || - || is a norm on Ry, in the sense of Def-
inition 2.1. Indeed, the only nontrivial condition is ||fg|| < | f| - |lg] for
f.g € Ro. Let f = ao+ Yie; Yot GimW"s g = bo + Xc; Dopsq binwy
Denote fg = co+ > ,c; D on>1 Cinwy. By Lemma 4.1, each of the coefficients
Co, Cin 18 a sum of elements of the form Q- Qim bjk, & € Do[—L—], where Dy is the

Ci—Cj
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prime ring of D. By (11), || < 1. Thus |a- aim - bjx] < 1-|aimlbje] < |If1]- 9]l
hence [ fgl < [If]I- llg]l-

Let R = D{w; : i € I} be the completion of Ry = D[w; | i € I] with respect
to || - ||, and extend || - || to R.

LEMMA 4.2: Fach element f of R has a unique presentation as a multiple power

series:

(14) f =ao+ Z Z ainw?;

i€l n=1

where ag, a;, € D, and |a;,| — 0 as n — co. Moreover,
[£]l = max{laol, |ain|}.
in

Proof. The completion R is the ring of Cauchy sequences of elements of Ry
modulo the sequences converging to 0. Each f as in (14) represents the Cauchy
sequence {fg}q>1 of its partial sums fg =ao +_,c; Zi:l ainw! € Ry, and as
such represents an element of the completion R. Since || f4|| = max; ,{|aol, |ain|}
for each sufficiently large d, we have || f|| = max; »{|ao|, |ain|}. Thus, if f =0,
then ag = 0 and a;, = 0 for all ¢ and n. Consequently, the presentation (14) is
unique.

Now we prove the existence of the presentation (14) for each element of R.
If g = a0 + D icr S akmw?, k=1,2,3,..., is a Cauchy sequence in Ry,
then each of the sequences {aro: k=1,2,3,...} and {ag,in: k=1,2,3,...} is
Cauchy. Since D is complete, ar o — ao and ay i — ain for some ag, a;n € D.
Fix i € I and let € > 0 be a real number. There is an m such that for all k > m
and all n we have |ag in — Gm,in| < |lgk — gm|| < e. If n is sufficiently large, then
am,in = 0, and hence |ay ;| < €. Therefore |a;,| < e. It follows that |a;,| — 0.
Define f by equation (14). Then f € R and g — f in R. |

When I = (), then R = Ry = D.

We call the partial sum > ", a;w? in (14) the i-component of f.

For each J C I we denote the completion R ; of D[w; | j€J] by D{w,; : j€J}.
By Lemma 4.2, R; is contained in Rj.

Remark 4.3: (a) Let i € I. Then D{w;} = {}_,~janw! : an — 0} is a subring
of R, the completion of D[w;] with respect to the norm. Consider the ring D{z}
of converging power series over D. By Lemma 2.4(iii), there is a homomorphism
D{z} — D{w;} given by > ° a,z" — Y °  a,w. By Lemma 4.2, this is

%
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a norm preserving isomorphism of normed rings. It extends to the natural
isomorphism K((z)) — K((w;)).

(b) Let ¢ € D such that ¢ — ¢; € D* and || <1 for each i € I. Define
an evaluation homomorphism ¢: Ry — D by w; — r/(c —¢;),i € I. Then
le(f)] < |f] for each f € Ry. Hence, if f,, is a null series in Ry, then ¢(f,)
is a null series in D. Therefore, ¢ extends to a continuous homomorphism
p: R— D.

(c) Suppose J, J’ are subsets of I. Then by the unique presentation (14), we
have Ry N Ry = Ryny.

LEMMA 4.4 (Degree shifting): Let f € R be given by (14). Fix distinct i,j € I.
Let Y% al, w? be the i-component of %f € R. Then

o -r . r v—(n+1) o
= — Z ai ( ) n=1,2,3,...

Cj —C

Furthermore, let m be a positive integer and let Zn 1 binw]® be the i-com-
ponent of (w;/w;)™f. Let € > 0 be a real number and let d be a positive
integer.

(a) If |am| < € for each n > d + 1, then |b;,| < | -["e for each n >

d+1-—
(b) Let d > m. If |ay| < € for each n > d+ 1 and |aid| = €, then
|b; € for eachn > d+1—m and |bj g—m| =| |™e.

c]—(,7
(¢) D02 amw? is a polynomial in w; if and only if Y | bipw?" Is.
(d) If the i-component of f is zero, then so is the i-component of (%)mf

Proof. Since r € D*, it follows by the equality ZU}—Z =1+ %wl that Zj—jf € R.
So, the above statements make sense.

PROOF OF (15): We may assume that ag = a;; = 0 and ax, = 0 for each
k # i and each v. Indeed, 72 = 1+ (¢; — ¢;)52 € D{w;}. Hence, by (12),
ol wy € D{wy : 1 # i}. Furthermore, 32 - w; = w; € D{w : | # i}. Hence ao,
a1, and the ay, do not contribute to the i-component of % o if.
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Thus, f =Y 2, aw!. Hence, by (12),

%S 0o _ v—1 _
wj _ v—1 __ r ! e n
o =2 awwiwiT =) ai (c; — )17 2ale — i
v v=2 v=2 J v n=1 J v

oo X0

= —_—Wj — —_—
= (cj—c)r (cj —ei)v—m

n=1v=n+1 J

from which (15) follows.

PROOF OF (a) AND (b): By induction on m it suffices to assume that m = 1. In
this case we have to prove: (a) If |a;,| < € for eachn > d+1, then |a}, | < |C s
for each n > d. (b) assuming d > 2, if |a;,| < € for each n > d+1 and |ald| =g,
then |a},| < |c] -|e for eachn > d and |a; ;| = |c t—-le. By (11), [ £ e | <1
Hence, (a) follows from (15) with n = d,d+ 1,d + 2,... and (b) follows from
(15) withn=d—1,d,d+1,...

wm

PROOF OF (c): Again, it suffices to prove that Y.~ a;,w? is a polynomial if
and only if > | al, w? is a polynomial.

If Zzozl aipw; is a polynomial, then a;, = 0 for all large v. It follows
from (15) that a},, = 0 for all sufficiently large n. Therefore, > 7 | aj, w? is a
polynomial.

If Z _, G;pw) is not a polynomial, then for each dy there exists d > dp
such that a;q # 0. Increasing d, if necessary, we may assume that |a;,| < |a;q|
for each n > d + 1. By (b), aj, , # 0. Consequently, Y>>, aj,wj" is not a

polynomial. |

The next three claims prove that if D is a field and the norm |-| is an absolute
value, then R is a principal ideal domain. The proof is due to Dan Haran. The
case where K is algebraically closed appears in [FrP, Theorem 2.2.9].

LEMMA 4.5: Suppose D = K and |- | is an absolute value. Let 0 # f € R.
Then either f € R* or there is an i € I such that f = pu with p € K[w;] and
u € R*.

Proof. If I =, then f € K* = R*. Suppose |I| > 1 and continue by induction
on I.

Write f in the form (14). There is a coefficient with absolute value || f||. Thus
we are either in Case I or Case II below:
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Cask I: |ag| = ||f|| > |ain| for all i and n Multiply f by ay' to assume that
ap = 1. Hence |1 — f|| < 1. By Remark 2.2(d), f € R*, and we are done.

CASE II: There exist ¢ and d > 1 such that |a;q| = || f|| Increase d, if necessary,
to assume that |ain| < |a;q| = || f]] for all n > d.

Let A = K{wy, : k # i¢}. This is a complete subring of R. Introduce a new
variable z, and consider the ring A{z} of convergent power series in z over A
(Lemma 2.4). Since a;q € K> C A%, the element

. 0 [eS)
f = <a0 + Z Z a;mw2> + Z amz”
n=1

k#i n=1

of A{z} is regular of pseudodegree d (Definition 2.5). By Proposition 2.6(b) we
have f = pii, where 4 is a unit of A{z} and p is a monic polynomial of degree
d in Alz].

By definition, ||w;|| = 1. By Lemma 2.4(iii) the evaluation homomorphism
0: A{z} — R defined by > ¢, 2" — > c wl, with ¢, € A, maps f onto f, i
onto a unit of R, and p onto a polynomial p of degree d in Aw;]. Replace f by
p to assume that f € A[w;] is a polynomial of degree d in w;, that is, a;, = 0
for all n > d.

If I = {i}, then Afw;] = K[w;], and so we are done. If |I| > 2, choose j € I,
j #i. By Lemma 4.1(d), wj/w; = 1+ (¢; — ¢;)/rw; is invertible in Ry, hence
in R. As wj/w; € A, we have ££(3°,; 307 aknwp) € A. On the other hand,

w d d
J n __ n—1
— E AinW; = E AinW; wy
Wy

n=1 n=1

is a polynomial in Aw;] of degree < d — 1, by (12). Therefore, multiplying f
by a suitable power of w;/w;, we may assume that f € A. Now we apply the
induction hypothesis to conclude the proof. |

LEMMA 4.6: Suppose D = K and | - | is an absolute value. Let j € I. Then
each 0 # f € R can be written as f = pu with p € K[w,] monic, ||p|| =1, and
u € R*.

Proof. By the preceding lemma we may assume that f € K[w;], where i # j,
say, [ = Zi:o apw], with aqg # 0. By Lemma 4.1(d), w;/w; is invertible in

70
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Ry, hence in R. Multiply f by (w;/w;)? to get
d d
wi\a wi\ d—n Ci — C; d—n
(i) f:z;)an(i) w?:z%an(l—i— Jr le) wj € Klwj].
n—= n=

By Remark 4.3(a) K{w;} = K{z}, so the claim follows by Propo-
sition 2.6(b). |

PROPOSITION 4.7: Suppose D = K and |- | is an absolute value. Then the
ring R = K{w; : ¢« € I} is a principal ideal domain, hence an integrally closed
domain. Moreover, for each i € I, every ideal a of R is generated by an element
p € K[w;] such that a N K[w;] = pK[w;].

Proof. Let f1, f2 € R~{0} such that f;fo = 0. Choose i € I. By the preceding
lemma, fi1 = piuy and fo = pous with p1,p2 € Klw;] and uy,us € R*. Then
pip2 = flfQ(U/lUQ)_l = 0, hence either p; = 0 or po = 0. We conclude that
either fi =0 or fo =0, a contradiction. Therefore, R is an integral domain.

By the preceding lemma, each ideal a of R is generated by the ideal aN K [w;]
of K[w;]. Since K[w;] is a principal ideal domain, a N K[w;] = pK[w;] for some
p € K[w;]. Consequently, a = pR is a principal ideal. ]

The domain D need not be a field, nor need the norm |-| on D be an absolute
value. If D is not a field, then R need not be a principal domain (as is the case
in [HJ]). Indeed, suppose there exists ¢ € D with c—¢; € D*, ‘ —Tc,-, ‘ < 1 for each

i € I. Choose a nonzero prime ideal p of D. Let ¢: R — D be the evaluation
homomorphism w; — —“—, i € I (Remark 4.3). Then Ker(¢) C ¢~ !(p) are

c—c;’

nonzero prime ideals of R. Thus, dim(R) > 2, so R is not a principal ideal
domain. However, we gain information on R by embedding it into a suitable
principal ideal domain.

For the rest of this section assume that the norm |- | on D is an absolute
value. We note that for our needs in this work, we could have assumed this to
be the case all along. However, all the properties we have proven so far do not
rely on this assumption, and we have chosen to present them in full generality
— they will be useful in future work.

Extend the absolute value to the quotient field K. Let K be the completion
of K with respect to | - |. We consider the ring K{w; : i € I'} and its subrings
K{w; : i € J},J C I. Then for each J C I, the ring Ry is contained in
K{w; :ie J}.
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By Proposition 4.7, K{w; : i € I} is an integral domain, hence so is its
subring R = D{w; : i € I}. Denote the quotient ring of R by . For each
J C I consider the rings O; = D[w;| i € J] and Q; = (O;~{0})"'R; =
{f/a:fe€ Ry, acO;~{0}}. Recall that E = K(z).

LEMMA 4.8: Let J be a nonempty subset of I. Then:

(a) E = Quot(0y).
(b) The ring Q; is the compositum of E and Ry in ).
(C) If j € J then Q; = (O{j} ~ {0})_1RJ.

Proof.

PROOF OF (a): We have

Quot(Oy) = Quot(Dlw; | j € J]) = Quot(D[wj_1 | j€J])
= Quot(D[z —¢; : j € J]) = Quot(D[z]) = E.

PROOF OF (b): Since E,R; C Q; we have ER; C Q. Let f/p€ Qy, f € Ry,

0#peOy. Then 1/p € Quot(Oy) = E, hence f/p:%-fEERJ.

PROOF OF (c): Since E = Quot(D]w;]), it follows that ER; = Quot(D[w;])R s,
hence Q; = ER; = (D[w;] ~{0})"'R;. |

For each J C I, we denote the integral closure of s inside its quotient field
by C(Qy). View C(Q ) as a subring of Q.
Now we present the main result of this section.

PROPOSITION 4.9: Let J,J' be nonempty subsets of 1.

(a) If JNJ" #0, then Q;NQy = Qiny-
(b) If J N = 0, then QN C(Qy) = E.

Proof.

PROOF OF (a): By definition, Q ny C Qs N Q. Conversely, let 0 # y €
QsNQy. Fix jeJnNJ. By Lemma 4.8(c), y = g1/q1 with g1 € Rj,0# q1 €
O{j} and y = g2/q2 with go € Ry,0 # ¢ € O{j}. This yields g2g1 = q192 €

R;N Ry = Ryny (by Remark 4.3(c)), hence y = % € Qyny -

PRrROOF OF (b): Wehave EC ER;NER; =Q,NQ; CQ;NC(Q).
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Conversely, let 0 # y € Q; NC(Qy ). Fix j € J and j' € J'. By Lemma
4.8(c), y = g1/q1 with 0 # q1 € Oy;y and g1 € D{w; : i € J}. By Propo-
sition 4.7, K{w; : i € J'} is integrally closed, hence so is the localization
(O{j/} \{0})*11%{101- NS J/}. Since Oy = (O{j/} \{0})71RJ/ and Ry C
K{w; :€ J'}, we have y = go/qo with 0 # ¢ € Oy¢jry, 92 € K{w;:ieJ'}.

Write g1 as ZZ;O bowj, with b, € D. Put hy = (%)dlql. We have
T € Dlwy) and thus hy = DN bu(52) " ~"w}, € Dfwy] (by Lemma 4.1(d)).
Similarly there exists do > 0 such that hy = (,;“}U—?'/)d2 g2 € Dlw;]. Let d = di +da.
Then, for each k € J ’

d d
wir w;

(16) giha - <—] > = gohy - (—j> .
Wi Wi

Note that g1he € D{w; : i € J} while gohy € IA({wl : 1 € J'}. In partic-
ular, the k-th component of gohq is zero. By Lemma 4.4(d), the k-th com-
wird

=)

W

Wy

ponent of gohy - (w—k)d is zero. By (16), the k-th component of gihs - (

is also zero. Hence, by Lemma 4.4(c), the k-th component of g1hs is a
polynomial in K [wg]. Since the coefficients of g1he belong to D (and the
presentation as a sum of components is unique), we conclude that the k-th
component of g1 hs belongs to D[wyg]. Thus g1he € D[wy | k € J], soy = Zi—,}g €
Quot(DJwy | ke I])=E. |

For each i € I, let Q; = Q1 i}, Q; = Qiy- Note that by this notation
Qi # Q-
Corollary 4.10: (\;c; Qi = E.

Proof. Let j € I. By Proposition 4.9(a), (;c; Qi = Q;NQ;, and by Proposition
4.9(b), Q;NQ, € Q;NC(Q,) = E. Tt follows that (,c; Q; = E. W

5. Factorization of matrices over complete rings

In this section we show how to decompose a matrix over a complete ring into a
product of matrices over certain subrings. We recall the corresponding notion
from [HJ, §4] and prove a somewhat different factorization result than that of
[HJ].
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LEMMA 5.1: Cartan’s Lemma, [FrP, Lemma 4.5.3], [Vo, Lemma 11.14] Let
M be a complete normed ring (Definition 1.1). Let M; and My be complete
subrings of M. Suppose that

(d) for each a € M there are a™ € My and a~ € Ms with |la™ ||, [|a™ ]| < ||al|
such that a = a™ +a~.

Then for each b € M with ||b — 1|| < 1 there are by € M{*,by € My such that
b= b1bs.

The reader looking for a proof of the preceding lemma may find it more
convenient to look at the proof of [HV, Lemma 2.2].
For the rest of this section let A be a commutative ring with respect to a

nontrivial norm | - |.

Example 5.2: Let n be a positive integer and let M be the ring M, (A) of
n X n matrices over A. We define the norm of a matrix a = (a;;) € M by
la|| = max;; |a;;|. It satisfies conditions (a), (b), and (c) of Definition 2.1. If A
is complete, then so is M. In this case suppose that A; and Ay are complete
subrings of A. Then M; = M, (A;) and My = M,,(A3) are complete subrings
of M. If A satisfies the condition

(d’) For each a € A there are at € A; and a~ € Ay with |a*],|a”| < |a]

such that a = at 4+ a~.

then M satisfies condition (d) above.

Corollary 5.3: Let A, Ay, and Ay be complete domains satisfying the condition
(d') above. Let Ay be a dense subring of A and let Ey = Quot(Ap). Then, for
each b € GLy,(A) there are by € GL, (A1), by € GL,(A2),by € GL,(Ep) such
that b = b1baby.

Proof. Since Ay is dense in A, there exists a € M,(Ap) such that [|b=! —al| <
1/]|b]]. Then |1 — bal|| < ||b]| - [[b~! — a]| < 1, so by Lemma 5.1 there exist
b; € GL,(A;), i = 1,2, such that ba = b1by. In particular, det(a) # 0, hence
a € GL,(Ep). Let by = a~' € GL,(Ep). Then b= bybsby. W

We apply Corollary 5.3 to the rings and fields of §4.

THEOREM 5.4: Suppose that I = J U J' is a partition of I into nonempty sets
J and J', and let b € GL,(Ry).

(a) There exist by € GL,(Ry) and bs € GL,(Q /) such that b = bybs.
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(b) There exist b € GL,(QJ) and by € GL,(R,+) such that b= bibs.

Proof. We prove (a). The proof of (b) is symmetrical.

By definition R; and Rj are complete rings. Given f € Ry, say,
[ = a0+ Y e dmeq aiwl, we let fi = ag + > e, > pe; awl and fo =
ies dopey aikwt. Then |fi| <|[f|,i=1,2 and f = f1 + f. This proves con-
dition (d’). Next note that Ag = D|[w; | ¢ € I] is dense in Ry and its quotient
field E = K (z) is contained in @ ;. By Example 5.2 and Corollary 5.3 we have
b = byblby, with by € GL,(Ry),by € GLo(Ry) € GLn(Qy),bo € GL,(E) C
GL,(Qy). Take by = bhbo. W

Our matrix factorization theorem has a somewhat “asymmetrical” form (com-
pare it with the factorization theorems [HJ, Corollary 4.5] or [HV, Corollary
2.3]). However, this result is exactly the one we need in order to establish
condition (COM) of Proposition 1.8.

6. Patching of abelian groups and prime divisors

In this section we show how to patch realizations of abelian groups over complete
domains satisfying certain conditions. In the next section we apply a reduction
step that removes these conditions.

Let K be a field, and let E = K(z) be the field of rational functions over K.

PROPOSITION 6.1: Suppose K is infinite. Let G be a finite abelian group. Then
there exists a finite Galois extension F'/E with Gal(F/E) = G, such that F/K
has a prime divisor of degree 1 which is unramified over F.

Proof. By [FJ, Proposition 16.3.5], FE has a Galois extension F' with group G
such that F is regular over K. We wish to replace F//K with an isomorphic
extension F’/K with a prime of degree 1, such that the K-isomorphism F' — F”
maps E onto itself, and F’ is an unramified extension of ' . This is exactly
[HV, Lemma 4.5]. |

LEMMA 6.2: Let F' be a finite Galois extension of E contained in K((x)). Let
S be the integral closure of K[x] in F, and let d = [F : E]. Then S has exactly
d prime ideals lying over (x), and S/m = K for each such ideal m.

Proof. Let my,...,my be all of the prime ideals of S lying over zK[z]. Since
F C K((x)), one of them is unramified with residue field K. Since F is Galois
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over K, each of them has that property. Hence, the formula d = %_, e;f; for
algebraic function fields of one variable implies that e; = f; = 1 for all 7 and
g=d. n

For the rest of this section assume that K = Quot(D), where D is a complete
domain with respect to a nontrivial norm | - |. Moreover, we assume that D is
large in the following sense:

(Large) For each n € N there exist b1,...,b, € D such that b; — b; € D* for
all i # j.

For example, every infinite field is large in this sense but Z is not. The main

significance of this condition is to enable us to construct variables for rings of

convergent power series over D (which are easy to choose in the case where D
is field, as in [HJ]).

LEMMA 6.3: Let F be a finite Galois extension of F such that F/K has a prime
divisor ‘B of degree 1 which is unramified over E. Then:

(a) There is a K-automorphism 6 of E that extends to a K-embedding
0: F — K((x)).

(b) Assume that F C K((x)). Then there exists a K-automorphism
of K((x)) with u(E) = E and F' = p(F) = E(f), where $ and its
conjugates over E are in D{z} and discr(irr(3, E)) € (D{z})*.

Proof.
PROOF OF (a): See [HV, Lemma 4.2(a)].

PROOF OF (b): Let d = [F : E] and let S be the integral closure of K[z] in F.
Since K[[z]] is integrally closed, S C K[[z]]. By Lemma 6.2, S has d distinct
prime ideals my, ..., my which lie over K [z]. By condition (Large), there exist
b1,...,bq € D such that b;—b; € D> for all ¢ # j. Since my,..., my are maximal
ideals, the Chinese Remainder Theorem gives y € S with y = b; mod m; for
i =1,...,d. The prime ideal m = zK[[z]] N S lies over zK[z]. Since F/E is
Galois, we may list the elements of Gal(F/E) as 01, ..., 04 such that m = m{",
i=1,...,d. Let y; = y?. Then y; = b; mod m, i = 1,...,m. In particular,
Y1, - - -, Ya are distinct, hence F = E(y).

Now consider the epimorphism ¢: K[[z]] — K defined by ¢(z) = 0 and
p(a) = a for a € K. Then o(m) = 0, so ¢(y;) = b;. If i # j, then
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¢(yi —y;) = bi — bj € DX, hence ¢(y; — y;) # 0, so (yi —y;)”" € K[[]].
For each ¢ € D, let p. be the K-automorphism of K ((x)) given by u.(f(z)) =
f(ex). By Corollary 3.11, there exists ¢ € K* such that

fe(Yi)s pe((yi — yj)_l) € K +zD{x}.

Note that p.(y:)(0) = v:(0) = ¢(y;) = b; € D and

(pe((wi =) "))0) = (i —4;) 1 (0) = @((yi —y;)~") = (bi —b;) "' € D.

Therefore, p.(y;) € D + xD{z} = D{x} and also u.((y; — y;)~') € D{x}.
Set H = He, ﬂ = Mc(y)7 and ﬂz = ,uc(yi)a i = 17d Then ,LL(F) - E(ﬂ)7
01, ..., 04 are the conjugates of 3, they belong to D{z}, and discr(irr(5, E)) =
+ 1Lz (Bi — B;) € D{z}*. W

We add further assumptions on to our setup. Fix (for this section) a positive
integer k, and assume that there exist elements r,cq,...,cx € D such that
r,ci —c; € DX and |7 EXB

Let I ={1,2,. k} and w; = 1
as in Section 3, RJ = D{w; :i € J}. Then R is contained in R = Rj.

For the rest of this section assume that the norm |- | is an absolute value,
and extend it to K. Let K be the completion of K with respect to |- |. Then
R is an integral domain, contained in the principal ideal domain K {w; : i €I}
(Proposition 4.7). Let 2 = Quot(R). For each ¢ € I let

Qi =Qr~iy = Dlw; | 7 #i M0 "Rr<y  and Q) = Qqqy

(we use the notation of Section 4). By definition Q; C Qy if J C I.

LEMMA 6.4: Let ¢ be an element of D such that ¢ — ¢;

each 1 < i < k. Consider the evaluation homomorphism pe: R — D defined by

T
CCK

wy — Wy Set p = wy —

(a) Ker(p.) is a principal ideal of R, generated by p;
(b) the localization R, = {a/b€ Q:a € R, b € R\ pR} is a valuation ring
of Q).

Proof. By Remark 4.3(b), ¢, is indeed a homomorphism.

(a) Let f € Ker(yp.), so f = Zf 1 fis fi € D{w;},1 < i < k: For each
1<i<kletp; = pl“u’—l z:zl Since “" =1+ C‘:Cl w; and w;wy = (w; —wn)
(Lemma 4.1),

Cq 761
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r Cc; —¢C c—¢C
= (o ) ) =
CcC—C1 T C—C;

C; —C1 r C; —C1 CcC—C1
= <w1+ i + w;

CcC— C1 Ccl —C C—C;
r C; —C1 cC—C1
CcC— C1 Ccl —C C—C;
C—C; T CcC—C
= wi —
CcC—C1 c—c/ c— ¢
r
= w; — .
C—C;

In particular, p; € Ker(p.). Since <% € D* and ;‘j’—’l € R*, the element p

c—cCy

of R divides p;. Since |Cfci| < 1, p; is a regular element of D{w;} of pseudo
degree 1.

By Proposition 2.6(a), there exist ¢; € D{w;} and r; € D[w;] such that
fi = qipi + 7 and deg(r;) < 1,s0r; € D.

Since f, p; € Ker(p.), we get Zle ry=f— Zi;l qipi € D NKer(yp,), hence
Zle r; = 0. Thus, p|f. Consequently, Ker(p.) is a principal ideal, generated
by p. A A

(b) Put R = K{w; : 1 < i < k}. Note that p belongs to the kernel of the

T
c—cy "

evaluation homomorphism R— K given by wy — c+q’ e, WE Since
this is not the zero map, p is not invertible in R.

We show that every element f € R can be uniquely written as f = p™g, with
n € N, g € R and ¢.(g) # 0. The only nontrivial part is to show that an
element f € R is not divisible by p infinitely many times. To see that, note
that if p™|f in R for all n € N, then also p"|f in R for all n € N — but R is a
factorial ring (Proposition 4.7), and p is not in (R)* — a contradiction. Thus

R,={a/beN:a€ R,be R~ pR} is a discrete valuation ring of 2. n

In the next lemma we use our asymmetrical factorization theorem to enable

the patching of Galois groups.

LEMMA 6.5: Let {F;}icr be fields, and let G,{G;}ic; be groups such that
E=(E,F;,Q;,QG;,G)icr is a generalized patching data (Definition 1.1). As-
sume that for each i € I we have F; = E(8;), where 3; and its conjugates over
E are in R, and discrg(irr(3;, F)) € R*. Then:

(a) Condition (COM) of Section 1 holds for £.
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. » ,
- & e =
(b) Suppose there exists ¢ € D such that ¢ —¢; € D* and || < 1 for

each i € I. Then the compound F' of £ has a K -rational place ¢. such
that @.(z) = c.

Proof.

PROOF OF (a): Let S = (g| g € @) be the standard basis of N = Ind{'Q over
Q, and let n = |G|. For each i € I we use Corollary 1.7 to choose a matrix
B; € GL,(R) and a basis V; for N; = IndgiFiQi over Q; such that V;B; = S.

For each J = {1,2,...,1} € I,1 <1 < k and each ¢ € J we will find
a matrix A; € GL,(Q;) such that 4 = V;A; is independent of i, and A; €
GL,(Rr~q13) € GL,(Q1). Then V; is a basis for V over @, hence so is U. For
J = I, U will also be a basis for N; over Q;, for all + € I. This will prove
(COM).

If J = {1}, take A; as the unit matrix. Now suppose that J = {1,2,... 1},
1 <1 < k. By induction on | we assume that for each i € J there exists A €
GL,(Q;) such that U’ = V; A] is independent of 4, and that A} € GL,(R;~{1})-
Let r = [ + 1. Then, V, - B,By'A} = U’ and B,B;'A} € GL,(R), but we
cannot guarantee that B,B;'A} € GL,(Q,). However, by Theorem 5.4(b)
there exist A, € GL,(Q,) and M € GL,(Ry,y) € GL,(Qi),i € J, such that
B,.B;'A} = A,M. For each i € J let A; = A\M~' € GL,(Q;). Note that
A = A{M~' € GL,(R;<q13). Let alsod = U'M~'. Then, for each i € J,
U=V, ALM~! =V, A;. For r we have V, A, = V, B, By " A{M~' = SB; ' A, =
V1 A1 = U. This finishes the induction.

PrROOF OF (b): Let ¢.: R — D be the evaluation homomorphism w; +—

Cfcl sy WE Cka. By Lemma 6.4, Ker(p.) is a principal ideal, generated
by p=wi — £ and R, = {a/b€Q:a € R,be R~ pR} is a valuation ring

of . The corresponding place is an extension of ¢. — for each y = a/3 € R,
with ¢.(8) # 0 it is defined by ¢c(y) = @c(a)/¢c(8), and ¢.(y) = oo for all
y € Q@ R, This is a K-rational place @ — K U {oco}. Its restriction to
F’ is a K-rational place, since K C F’. Finally, p.(z) = ¢c(c1 +x —¢1) =
at+ez2) "t =atetw) Tt =a+r () t=ate—a=c |

Tr—cC1 c—c1

PROPOSITION 6.6: Let G be a finite group, generated by abelian subgroups
G1,...,Gy. Suppose there exists ¢ € D such that c—c; € D* and |r/(c — ¢;)| <1
for all 1 < i < k. Then there exists a Galois extension F/E such that
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Gal(F/E) =2 G and F/K is a regular extension that has a prime of degree
1 unramified over E.

Proof. By condition (Large), D is infinite, and so is K. By Lemma 6.1, for each
1 <4 < k there exists a Galois extension F;/FE with group G;, such that F;/K
has a prime divisor of degree 1 unramified over FE.

By Remark 4.3(a) the map w; — x extends to a K-isomorphism of K ((w;))
onto K((x)) which maps Ry;; onto D{z}. Hence by Lemma 6.3, we may
replace F;/E by an isomorphic extension such that F; = E(3;), where §; and its
conjugates over E belong to Ry;y, and discrg(irr(3;, E)) € R{Xi}. In particular,
F; C Q.

Now, & = (E, F;,Q:,Q;Gi,G)ier is a generalized patching data. Indeed,
conditions (2a), (2b), (2d) of Definition 1.1 have been established. Condition
(2¢) follows from Proposition 4.9(b), and condition (2e) holds by Corollary 4.10.

By Lemma 6.5(a), condition (COM) of Proposition 1.8 holds for £. Let F’
be the compound F’ of £ (Definition 1.9). By Proposition 1.8, Gal(F/E) = G,
hence also Gal(F'/E) = G.

Choose an element a € D such that 0 < |a| < min;(1,|c — ¢]) (we may do

so, since | - | is nontrivial) and define d; = ¢ + @’ for all j > 1. Then d; — ¢; =
(c—c)(1 4+ Cf]ci). By our assumption, |Cii| < |a’| - |Cjci < lal - |$| <1,

thus d; —¢; € D* for all 1 < i < k and j > 1, by Remark 2.2(d). Moreover,

T

P AN .
5| = lgar= ! < 1551 |m| <11+ %) = 1, again by
Remark 2.2(d).

For each j > 1, Lemma 6.5(b) gives the K-rational place @gq;, satisfying

@d;(x) = dj. Out of the infinitely many places yq;, only finitely many are
ramified over E. ]

7. Realization of groups

In this section we prove that every finite group is regularly realizable over a
field containing a complete domain.
It will be convenient to give a name to the following property.

Definition 7.1: Let K be a field, and let x be a free variable over K. We say
that K is rationaly Galois if for every finite group G there exists a Galois
extension F of K(z) with group G, such that F' C K((z)) (in particular, F/K
is regular).
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LEMMA 7.2: Let K be a field. If K contains a rationaly Galois field K, then
K itself is rationaly Galois.

Proof. Let G be a finite group, and let = be a free variable over K. Since Kj
is rationaly Galois, there exists a Galois extension F' of Ky(z) contained in
Ko((z)) with group G. We have the following diagram of fields:

Ko((2)) —— K((2))

F FK
Ko(z) K(z)
Koy————K

Since z is free over K, the fields Ko((z)) and K are linearly disjoint over Kj.
Indeed, suppose c1,...,c, € K are linearly independent over Ky, and let
fi= 2 C aurt, . fa = 302, anitt € Ko((2)) such that 37, fie; = 0.
Then Y372, (327 ajicj)z’ = 0in K((z)), hence Y7 ajic; = 0 for each i > m,
and thus aj; =0foralll1 <j<nandi>m,so f=---=f, =0.

It follows that F' and K are linearly disjoint over Ky, and so by the tower
property F and K (x) are linearly disjoint over Ko(z). Thus FNK (z) = Ko(z).
We have FK C K((x)), and by Galois theory

Gal(FK/K (z)) = Gal(F/Ky(z)) = G. |

We need the following technical lemma.

LEMMA 7.3: Let D be a complete domain with respect to an absolute value |- |.
Assume that there exists x € D* such that |xz| < 1. Let k be a positive integer.
Then there exist elements r € D* and ¢y, ¢, ..., Ck, Ck+1 € D such that:

(a) ¢ —¢j € D* foralll <i< j<k+1 (In particular, condition (Large)
of Section 6 holds).
(b) |[==—|<1lforalll<i<j<k+1.

Ci—Cy
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Proof. Take ¢; = 1+ a%,r = 2%+, Then ¢; — ¢; = 2° — 2/ = 2%(1 — 277%). By
Remark 2.2(d), this element is in D>, which proves (a). If 1 <1i < j < k+ 1,
then |———| = |z|Ft+! 1 = |z|*+17% < 1, which proves (b). R

ci—cy i (1—xi—?)

PRrROPOSITION 7.4: Let D be a complete domain with respect to a nontrivial
absolute value. Assume that there exists an element x € D* such that |z| < 1.
Then K = Quot(D) is rationaly Galois.

Proof. Let E = K(xz). Let G be a finite group. Then G is generated by
a finite number of abelian subgroups Gi,...,Gy (e.g., its cyclic subgroups).
By Lemma 7.3 D satisfies condition (Large) of Section 6, and we may choose
Ciicj| <lforl<ic<
7 <k+ 1. Put ¢ = cg41. This puts us in the setup assumed in Section 6. The

T,C1,C2,...,Ck, Chr1 € D such that r,c; — ¢; € D* and |

claim follows by Proposition 6.6 and Lemma 6.3(a). |

Proposition 7.4 reproves the main result of [HV]:

Corollary 7.5: Let K be a complete field with respect to a nontrivial absolute
value. Then K is rationaly Galois.

Proof. Since the absolute value is nontrivial, there exists x € K such that
0 < |z| < 1. In particular, x € K*. Hence the assertion follows from Proposi-
tion 7.4. |

LEMMA 7.6: Let D be a complete domain with respect to a nontrivial ultra-
metric absolute value. Then D contains one of the following rings:

(a) the ring Z, of p-adic numbers, for some prime number p;
(b) the ring Z[[x]] of formal power series over Z;
(c) the ring F[[z]] of formal power series over some finite prime field F'.

Proof. First we assume that char(D) =0,s0Z C D.

Suppose that | - | is nontrivial on Z (i.e., there exists an element x € Z such
that 0 < || < 1). Then the absolute value on Z C D corresponds to a p-adic
valuation, for some prime number p. Since D is complete, it contains Z,.

If | - | is trivial on Z, we choose an element x € D \Z with 0 < |z| < 1. Then
the valuation that corresponds to the absolute value | - | (restricted to Z[z])
is given by ’U(ZZZO anz™) = min(i| a; # 0) for each 0 # Zi:o anz" € Zlx].
Since [0] = 0 (or v(0) = o), x is free over Q = Quot(Z). As D is complete, it
contains the completion Z[[z]] of Z[x] with respect to this absolute value.



218 ELAD PARAN Isr. J. Math.

Now assume that char(D) = p for some prime number p. Let F = Z/pZ C D.
Then |-| is trivial on F', and hence, by similar arguments to the ones given above,
D contains F[[z]], and z is free over F. |

Lemma 7.6 enables us to reduce the proof of our main result from the case
of a general complete absolute valued domain to three specific cases. Lemma
3.14 of [Le] proves a similar reduction, from the case of a complete domain at
a prime ideal to the same three cases. Thus the result of [Le] is equivalent to

our main result, which is:

THEOREM 7.7: Let Dy be a complete domain with respect to a non-trivial
absolute value. Let D be a domain containing Dy. Then K = Quot(D) is
rationaly Galois.

Proof. By Lemma 7.2 and Lemma 7.6, it suffices to prove the theorem for the
the rings Z,,F,[[z]], Z[[x]], for each prime number p. The first two cases have
complete quotient fields, hence the claim follows for them by Corollary 7.5.
Thus we may assume, without loss of generality, that D = Z[[x]].

Note that D is complete with respect to the valuation given by

v(} ana™) =min(i| a; #0)
n=0

for each 0 # > a,z™ € Z[[z]]. Unfortunately, its quotient field is not com-
plete with respect to this valuation (Example 2.3(c)), and every element of D*
is of absolute value 1, so we may not directly apply Proposition 7.4. However,
Quot(D) contains the ring Z[[z]][z™] = {>°°°, anz™ : m € Z,a,, € Z}, which
is also complete with respect to the valuation induced by D on its quotient
field (Example 2.3(d)). The element x is in (Z[[z]][x71])* and satisfies |z| < 1.
Hence the claim follows by Proposition 7.4. ]
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